Theorem 1. Let k ⊂ K be two CM-fields. Then
(1) h collect the necessary standard facts on indices related with CM-fields in Section 3; develop a field theoretic tool for the study of relative class numbers in Section 4; develop a group theoretic tool for the study of relative class numbers in Section 5; investigate a certain intermediate field of CM-fields in Section 6; and lastly prove the main results in Section 7. It turns out that the field theoretic tool gives interesting results by itself. Indeed, it reveals an interesting relation of unramifiedness and divisibility of relative class numbers (cf. Propositions 22 and 23) . Theorem 30 of Section 6, which is the Key Lemma for our proof of Theorem 1, has more information than Theorem 1. Hence, the object of Theorem 30 is studied in more detail.
The author expresses his gratitude to Professor K. Miyake for helpful discussions.
CM-fields.
In Section 4, we shall prove surprising statements (Propositions 22 and 23) via class field theory and the theory of CM-fields. The theory of CM-fields will be used in a complicated situation: CM-fields will often appear as subfields of non-CM-fields and often be non-normal; their automorphism groups (instead of Galois groups) will be investigated. For convenience of the readers who check the proofs of Section 4, we review here the standard theory of CM-fields.
We follow [22 [7] ). We adopt an alternative definition of a CM-field (Definition 5) which is more convenient than the definition given at the beginning of this paper. Equivalence of the two definitions is verified in Lemma 9. We give several examples for indicating how the standard theory avoids troubles related to the above mentioned situation. The contradiction proves that F has no complex conjugation although it is totally imaginary. This example also tells us that a complex conjugation of a subfield does not necessarily extend to a complex conjugation of an extension field.
A complex conjugation with respect to a given imaginary embedding, if any, is unique since τ is injective. (Strictly speaking, we can talk of the complex conjugation with respect to τ .) In particular, the relation στ = τ σ C uniquely determines a complex conjugation σ with respect to an imaginary embedding τ if the image of τ is closed under σ C . This is the case when F is normal and totally imaginary. However, a complex conjugation of a normal totally imaginary number field depends, in general, on the imaginary embedding. is a complex conjugation with respect to an imaginary embedding which maps α 2 to the real cube root of −3. Conversely, let τ be an imaginary embedding of F such that is a complex conjugation with respect to τ . Then α
is real. Therefore, the equality (α
is necessarily the real cube root of −3.
We saw that is not a complex conjugation with respect to any imaginary embedding which carries α 2 to an imaginary cube root of −3. The Galois property of Q( 6 √ −3) is similar to that of the class field
, which is more related to the topic of this paper.
Definition 5. A totally imaginary number field is called a CM-field if a complex conjugation with respect to each imaginary embedding makes sense and is independent of the imaginary embedding.
We can speak of the complex conjugation of a CM-field F . (We can say that the complex conjugation of F makes sense if and only if F is a CM-field.) It will be verified later in Lemma 9 that Definition 5 coincides with the ordinary definition of a CM-field quoted at the beginning of this paper.
The complex conjugation of a CM-field has an important property: P r o o f. Assume that σ is a complex conjugation with respect to an imaginary embedding τ of N . Then an arbitrary imaginary embedding of N is written as τ with some ∈ Gal(N/Q). The commutation relation σ τ = τ σ C follows from στ = τ σ C and the assumption that σ commutes with Gal(N/Q).
Example A4. Normality in Lemma 7 is essential in a certain sense: Some (non-normal) totally imaginary number field F is not a CM-field while it has a complex conjugation which commutes with Aut(F/Q). An example is F = Q[X]/(X σ is a complex conjugation with respect to an embedding of F in which β is mapped to a real number. It obviously commutes with the group Aut(F/Q) of order 2. However, σ is not a complex conjugation with respect to any embedding of F in which β is mapped to a complex number. Therefore, F is not a CM-field.
For convenience, we introduce the term CM-extension: 
for an arbitrary element α of F 0 .) Since τ is arbitrary, this implies that F 0 is totally real. Conversely, an arbitrary totally real subfield of F is fixed by σ. (Read the commutation relation of σ from right to left.) Therefore, F 0 is identical to the maximal totally real subfield F + of F . Since σ is an involution, F/F 0 is quadratic. Therefore, a CM-field is necessarily a CM-extension of a totally real number field. The "only if" part of the first assertion and the second assertion are proven.
Let F be a CM-extension of a totally real number field M , σ the nontrivial conjugation of F/M and τ an arbitrary imaginary embedding of F . Assume α generates F/M . We can assume α
since α is totally imaginary.) We get στ = τ σ C since both sides coincide on M and on the generator α of F/M . Since τ is arbitrary, σ is the complex conjugation of F . Thus, F is a CM-field. 
Let τ be an arbitrary imaginary embedding of L. Then the conclusion of the previous paragraph implies σ|
Since an arbitrary imaginary embedding of F is obtained by restricting an imaginary embedding of L, this identity and Definition 5 imply that F is a CM-field.
Lemma 11. The normal closure of a CM-field is also a CM-field.
P r o o f. Let F be a CM-field. Then all conjugate fields of F are CM-fields. By Lemma 10, the composition of all conjugate fields of F is a CM-field.
A CM-field has a nice property with respect to subfields:
subfield of a CM-field is either a CM-field or a totally real number field. In particular , an intermediate field of two CM-fields is a CM-field.
Let k be a subfield of a CM-field K and assume k not to be totally real. Let N be the normal closure of K. Then N is a CM-field by Lemma 11. Let σ denote the complex conjugation of N . Since k is not totally real, σ ∈ Gal(N/k). Since σ commutes with Gal(N/Q) by Lemma 7, σ normalizes Gal(N/k). Therefore, σ acts non-trivially on k, i.e., σ| k induces σ k ∈ Aut(k/Q) − {1}. The commutation relation σ k τ = τ σ C for an arbitrary archimedean embedding τ of k follows from the corresponding relation for σ. Since σ k is non-trivial and τ is injective, the embeddings τ σ C = σ k τ and τ are different. Hence, an arbitrary archimedean embedding τ is necessarily imaginary, i.e., k is totally imaginary. Now, the field k satisfies the conditions of Definition 5 and hence is a CM-field.
Remark. Lemma 12 holds in the following sense: if k ⊂ K are two CM-fields, the restriction to k of the complex conjugation K is the complex conjugation of k.
Remark. Lemmata 11 and 12 imply the following equivalence: a number field is a CM-field if and only if its normal closure is a CM-field.
Units and class groups.
In this section, we collect basic definitions and facts concerning indices related with CM-fields. We also quote a property of a class group and Lemmermeyer's class number relation.
We write respectively C F and C + F for the (weak) class group and the strict class group of a number field F . We call h F = #C F the (weak) class number of F and h + F = #C + F the strict class number of F . We write respectively E F and E + F for the unit group and the totally positive unit group of F . We denote by W F the group of roots of unity of F and by w F its order.
Let F be a CM-field. We write F + for the maximal totally real subfield of F ; h − F for the relative class number h F /h F + ; and ι F for the natural map from the group of ideals of F + to F . The subscript F is omitted if it is obvious. The order of the kernel of the homomorphism
Note that the plus sign in C + F designates "strict sense" here while it designates "relation with the maximal totally real subfield" in many positions of the literature.
it is said to be primary otherwise. 
P r o o f. Let C 1 be the group of strict ideal classes which are principal in the weak sense and C 2 the group of strict ideal classes whose squares are principal in the strict sense. Set m = #(C 2 /C 1 ) and let ideals d i with i ∈ {1, . . . , m} be a complete system of representatives for C 2 /C 1 . Choose a totally positive generator
. . , m and j = 1, . . . , n is a non-primary CM-extension of M . Conversely, any non-primary CM-extension F of M is of the above form. The first assertion is now obvious. By Lemma 14, we get the second assertion. Assume r = 0 and let F be an arbitrary CM-extension of M . Then κ F = 1 follows from the first assertion of Lemma 14. The fact Q F = 1 is well known (cf. [16] ).
Then Q F = 2. The extension F/F + is unramified at the finite primes in the former case, and is ramified above (2) in the latter.
Then κ F = 2. The extension F/F + is ramified above (2) .
. Then Q F = 2 and κ F = 1 in the last case, and Q F = 1 and κ F = 2 in the other cases. The extension F/F + is unramified at the finite primes in the former two cases, and ramified above (2) in the latter two cases.
The extension F/F + is ramified above (2). For convenience of the reader, the following argument recovers the lemma from the assertion of Satz 15.
An ideal class of a CM-field F is called ambiguous if the complex conjugation of F fixes it. Let A F be the group of ambiguous ideal classes of F . Let Q F be the index of E
In the situation of the lemma, the quotient of indices is 1.
On the other hand, the group A F is isomorphic to the direct product of ιC F + and ker(2 : C F → C F ). Here, the group ιC F + is isomorphic to C F + since h F + is odd and κ F divides 2 by Lemma 14. The formula of the previous paragraph and the isomorphisms imply the lemma.
We quote Lemmermeyer's class number relation from [15] . This relation agrees with the analytic class number formula (cf. [16] ). This presentation is more convenient for our purpose. It also enables us to algebraically prove everything but Theorem 3 since it has a purely algebraic proof (cf. [15] 
The desired assertion follows from the identity and the divisibility relation.
is unramified at the finite primes and
is unramified at the finite primes and K + /k + is ramified at the finite prime above (2) . We have h
ramified above the two finite primes above (3) and K + /k + is unramified. We have h 
Let σ be the complex conjugation of k. By class field theory, Gal(H 0 k /kH k + ) is isomorphic as a σ-module to some quotient C 1 /C 0 with some subgroup C 0 of the specified kernel which is denoted by C 1 . By Lemma 6, the action of σ on Gal(H 0 k /k) is trivial and so is its action on Remark. We say a class group C F of a CM-field F is ambiguous if the complex conjugation of F fixes C F . Ambiguity of a class group is not inherited by subfields. Let k = Q( √ −7 · 8) and
. Since the complex conjugation inverts C k , the class group C k ( Z/4Z) is not ambiguous. On the other hand, C K is ambiguous since the automorphism group of C K ( Z/2Z) is 1.
Quotients of class groups.
Although many facts are proven via field theoretic arguments, several important facts concerning relative class numbers of CM-fields are proven via group theoretic arguments on class groups. The most natural object related to relative class numbers is the kernel of the norm map of class groups. Surprisingly, however, quotients of ideal groups by liftings of ideals from subfields turn out very useful for our purpose. Hence, we devote a separate section to the discussion of quotients of the form C F /ιC F + .
It is obvious that 
. Now, (4) implies the desired assertion.
Remark. Let F be a CM-field of odd relative class number. It is known that the 2-rank of C F is at most 1 (cf. [13, Theorem 1] ). This assertion is confirmed by Lemma 26: Observe that Lemma 26 or a weaker version [27, Proposition 10.12] implies that the 2-rank of C F + is at most 1. Since the 2-parts of C F + and C F are isomorphic when h − F is odd, we conclude that the 2-rank of C F is at most 1. 
Then, by class field theory, the class field H associated with C is contained in K. Let σ be the complex conjugation of K. Then σ preserves C K and hence it preserves Im(N : C K → C k ). It obviously preserves ιC k + . Therefore, it preserves C. Noting also that σ acts on a field K which contains H, we get an isomorphism Gal(H/k) C k /C of σ-modules by class field theory.
By Lemma 12, an intermediate field H of K/k is a CM-field. By Lemma 6, the action of σ on Gal(H/k) is trivial and so is the action of σ on C k /C. On the other hand, σ acts as inversion on C k /ιC k + and hence on C k /C. Since the two descriptions of the action of σ on C k /C agree, the exponent of C k /C divides 2. This quotient is the cokernel in question.
The assumption of the lemma implies r ≤ 1 by class field theory. The desired assertions follow immediately from Lemma 14. Remark. Although calculation of κ K is difficult in general, Corollary 28 sometimes gives a sharper estimate than Lemma 21.
Remark. There are examples of h
− 3016X − 6096) under the obvious inclusion. Calculation with Pari-GP gives the class numbers
Calculation with Pari-GP also gives the discriminants
. From these values of the discriminants, we see K + ( √ 13, √ 29)/K + is unramified. Hence, Lemma 21 only explains
Since an odd prime is ramified in K/K + , Lemma 14 implies that K is primary. It further implies κ K = 1. On the other hand, K + is a primitive quartic field whose normal closure has Galois group isomorphic to the alternating group of degree 4. Hence, K + does not contain a quadratic extension of Q. Thus, K does not contain a quadratic extension of k. Therefore, the second assertion of Corollary 28 implies 12 = h
We also get the following:
This is a slight generalization of Proposition 4 of [12] . Here we give a completely different proof, which is independent of normality of K/k.
surjective by Proposition 27 and class field theory. On the other hand, κ k = κ K by Lemma 16. Thus, we get the assertion by (4).
An intermediate field.
To prove Theorem 1, we shall look at a maximal intermediate field
Such an intermediate field contains the essential information for our purpose. We describe it in the following:
Then L satisfies the following conditions:
Each of them satisfies the following conditions:
The CM-extensions, in combination, satisfy the following conditions: 
We shall prove several claims in order to show the theorem. 
Suppose that the 2-rank were greater than 1. One of should be even. Since L 3 is primary, it cannot be of unit radical form. We got a contradiction to Claim 1. 
Let χ i be the character associated with L i /L + . Denote by f(φ) the conductor of an ideal character φ of L + . (The conductor is understood to be an ideal, i.e., the "divisor" at infinity is neglected.) For each i = 1, . . . , m, set p i to be the finite prime dividing f(χ i ). (By Claim 6, p i is well defined.) Let i and j be an arbitrary pair of indices such that 1 ≤ i < j ≤ m. , which contradicts the choice of L in the theorem. In the latter case, a contradiction is obtained as follows: The contradiction proves p i = p j . Since i and j are arbitrary, we get the desired claim.
Suppose m ≥ 4. The Choice implies that L is associated with χ 1 χ 2 χ 3 . Hence, χ i χ j χ 4 is not associated with L for 1 ≤ i < j ≤ 3. However, χ i χ j χ 4 would be associated with a CM-extension of L + . By Claim 6, the conductor f(χ i χ j χ 4 ) would be a power of a finite prime. This contradicts Claim 7.
Claim 9. The number of finite primes ramified in L/L + is 3.
By the Choice, L/L + is associated with χ 1 χ 2 χ 3 . Hence, Claims 6 and 7 imply the desired claim.
This follows from Claim 9 and Lemma 17. [25] , a zero in the specified region is necessarily simple. By Theorem 1 of [9] , a positive simple zero of ζ N comes from a simple zero of ζ F for some quadratic subfield F of N . Corollary 2 and determination of class number 1, 2 and 4 in imaginary quadratic fields [1, 2, 3, 23, 24] gives a list of finitely many imaginary quadratic fields which can be contained in N . The largest conductor of these imaginary quadratic fields is 1555. However, it is shown in [18] that Dedekind zeta-functions of imaginary quadratic fields of conductors ≤ 593000 have no positive zero. Hence, F must be real.
Remark. Arno's determination [1] of imaginary quadratic fields of class number 4 via [5, 6] is used in the above proof. However, transcendental number theory (estimates on logarithmic forms) is also applicable in our context. Arno [1] determines all imaginary quadratic fields of class number 4, among which there are several fields whose class groups are cyclic. On the other hand, the result of Whitaker [28] uses estimates on logarithmic forms for effective determination of imaginary quadratic fields that have prescribed prime divisors of discriminants and class groups isomorphic to (Z/2Z) 2 
.
We verify that the result of [28] is suitable for our purpose if a numerical constant is made explicit: Let k be an imaginary quadratic subfield of a CM-field K of odd relative class number. Then Corollary 2 implies that h k divides 4. By Lemma 25, the complex conjugation of k fixes C k . Hence, C k is isomorphic to (Z/2Z) is 1 or 2 so that d 1 belongs to the finite list of Baker-Stark. Therefore, the smallest prime divisor of d is at most 163. Hence, [28] gives an effective upper bound on d. Replace K with a normal CM-field N .
